Abstract 1 : We generalize and reprove an identity of Parker and Loday. It states that certain pairs of generating series associated to pairs of labelled rooted planar trees are mutually inverse under composition.
Introduction
In [1] Carlitz, Scoville and Vaughan consider finite words (in a finite alphabet A) such that all pairs of consecutive letters belong to a fixed subset L ⊂ A × A. They show (Theorems 6.8 and 7.3 of [1] ) that suitably defined pairs of signed generating series counting such words associated to L ⊂ A × A and to its complementary set L = A × A \ L are each others inverse. Their result was generalized in the first part of Parker's thesis [5] who showed an analogous result for suitable classes of finite trees having labelled vertices. Loday in [3] , motivated by questions concerning combinatorial realisations of operads, rediscovered Parkers result toghether with a different proof, based on homological arguments. This paper presents a further generalisation of Parkers and Lodays result. A typical example of our identity can be described as follows: Associate to two complex matrices Choosing continuous determinations satisfying g = g 1 = g 2 =g =g 1 =g 2 = 0 at X = 0 we get holomorphic functions g = g(X),g =g(X) for X in an open neighbourhood of 0 ∈ C. We have now g(g(X)) = X for all X in a small open disc centered at 0.
This result holds of course formally for the corresponding generating series and can be verified by computing for instance a minimal polynomial P (u, v) = i,j p i,j u i v j for g (i.e. satisfying in particular P (g(X), X) = 0) and checking that we have P (X,g(X)) = 0. Since this identity is algebraic, the field C can be replaced by an arbitrary commutative ring.
The sequel of this paper is organized as follows: The next section states the main result in purely algebraic terms over a not necessarily commutative ring. Parkers and Lodays result corresponds to the special case of matrices with coefficients in {0, 1}. Our main result removes the restriction on the coefficients. It is also somewhat easier to state (at least in a commutative setting) since it avoids combinatorial descriptions. It follows from our formulation that all involved generating functions are algebraic in a commutative setting and over a finite alphabet. Section 3 fixes notations concerning trees. Section 4 describes spin models on trees and recasts our main result using partition functions of spin models. Section 5 proves the main result using a spin model on grafted trees (called "graftings" in [3] ). The proof avoids homological arguments and is thus in some sense more elementary (although perhaps not simpler) than the proof of [3] . Section 6 describes briefly a further generalisation involving arbitrary (not necessarily regular) finite trees which appears already in Parkers work. Section 7 is a digression generalizing the notion of grafted trees. Section 8 contains the computations for example (i) of [3] . We display the defining polynomial of the relevant (algebraic) generating function and discuss briefly its asymptotics.
Main result
Consider a (not necessarily finite) alphabet A and a (not necessarily commutative) associative ring R having a unit 1. We denote by Y A a set of (noncommutative) variables indexed by elements α ∈ A and by X a supplementary (non-commutative) variable. We denote byR [ 
with r i ∈ R and Z i ∈ {X} ∪ Y A . Let k ≥ 2 be a natural integer and let M 1 , . . . , M k be a set of matrices with rows and columns indexed by A and coefficients M j (α, β) ∈ R for α, β ∈ A. For α ∈ A, let g α ∈R[[X]] be the power series g α = Y α X k + (terms of higher order in X) which satisfies
where V is the column vector with coordinates g β , β ∈ A and where (M j V ) α = β∈A M j (α, β)g β denotes the α−th coordinate of the matrixproduct M j V . Set g = −X + α∈A g α .
Remark that our notation is slightly misleading: g, g 1 , . . . , g l are power series in X defining "functions" of X. The letter X stands of course for the power series at X = 0 of the identity function X −→ X. Remark also that the requirements k ≥ 2 and g α = Y α X k + terms of higher order in X ensure that g α is well-defined: Its n−th coefficient involving X n times depends only on coefficients with indices ≤ n − k + 1 of g β , β ∈ m athcalA involving at most n − k + 1 occurences of X.
Define
where J is the all 1 matrix with rows and columns indexed by A. For α ∈ A we introduce "complementary"
whereṼ is the column vector with coordinatesg β , β ∈ A and where (M jṼ ) α = β∈AM j (α, β)g β . We define nowg = −X + l j=1g j . Given two formal power series f, h ∈R[[X]] such that every monomial of h is at least of degree 1 in X, the composition f • X h of f with h is defined as the formal power series obtained by replacing every occurence of X k , k = 1, 2, 3, . . . in every monomial of f by the series h k .
The main result of this paper can now be stated as follows:
Remark 2.2 (i)
In a commutative setting with R = C the field of complex numbers, a finite alphabet A, and Y α ∈ C for α ∈ A, the functions g α ,g α and thus also g andg are holomorphic determinations of algebraic functions in an open neighbourhood of 0.
(ii) The above definitions of g α andg α are well-suited for iterative computations of the power-series g α ,g α by "bootstrapping" (see e.g. section 5.4 of [4] ). Indeed, given g α,n , α ∈ A such that g α −g α,n = O(X 1+(n+1)(k−1) ) we have
where V n is the column vector with coordinates g α,n , α ∈ A. 
(iv) The choice of an integer k ≥ 2 (or k = 1) corresponds to the case of k−regular trees. This restriction can be removed: Section 6 describes a further generalization (already contained in [5] ), corresponding to arbitrary finite trees.
Trees
A tree is a connected graph without cycles. A rooted tree contains a marked vertex r, called the root. In particular, a rooted tree is non-empty. A rooted tree T = {r} reduced to its root is trivial. The edges of a rooted tree are canonically oriented by requiring the root to be the unique source of the directed tree obtained by orienting all edges away from the root. We write e = (α(e), ω(e)) for the edge e oriented from α(e) to ω(e). Given an edge e = (α(e), ω(e)) we call ω(e) a son of α(e) and α(e) the father of ω(e). Each vertex v = r ∈ T except the root has a unique father. The set of vertices sharing a common father is a brotherhood. A leaf is a vertex without sons. A vertex having at least one son is interior. The level of a vertex is its (combinatorial) distance to the root. A rooted tree is planar if every brotherhood is totally ordered. Every brotherhood of a locally finite rooted tree is finite . A rooted tree is thus locally finite if and only if the set of vertices of given level N is finite for all N ∈ N. A rooted tree is k−regular if every non-empty brotherhood of strictly positive level contains exactly k vertices. A rooted tree is finite if and only if the set of vertices of level N is finite for all N and empty for N large enough. Given a vertex v ∈ T , we denote by T (v) the subtree of T rooted at v which is defined by considering all vertices w ∈ T such that v belongs to the unique geodesic path joining the root r ∈ T to w (the vertices of T (v) are thus v and its descendants). We call such a subtree maximal. A principal subtree of a non-trivial tree T is a maximal subtree T (s i ) rooted at a son s i of the root r ∈ T . A non-trivial k−regular tree has thus exactly k principal subtrees.
Unless otherwise stated, a (k−regular) tree will henceforth always denote a (k−regular) finite rooted planar tree.
Every tree T can be represented by a plane tree of the halfplane R × R ≥0 such that a totally ordered brotherhood s 1 < s 2 < . . . of level n ≥ 0 corresponds to vertices (x 1 , n), (x 2 , n), . . . , x 1 < x 2 < . . ..
A vertex v ∈ T of level n has a unique recursively defined address a(v) = a 0 a 1 . . . a n−1 ∈ {1, 2, . . .} n where a n−1 is the number of elements ≤ v in the brotherhood of v and where a 0 . . . a n−2 is the address of the (unique) father of v. The address of the root r ∈ T is empty. The lexicographic order on addresses orders the set of vertices of a planar rooted tree completely. 4 Non-commutative spin models on rooted planar trees Let T = (E, V ) be a (rooted planar) tree with edges E and vertices V . We denote by V • the set of interior vertices (having at least one son) of T and by E ′ ⊂ E the subset of leafless edges (i.e. e ∈ E ′ if ω(e) ∈ V • ). We define a spin-model (T, w) on T by considering a (not necessarily) finite set or alphabet A of spins and a weight-function
with values in a (not necessarily commutative) ring R containing 1. Setting w e (α, β) = w(e, α, β), a weight function can be identified with an application
where M A (R) denotes the set of matrices with coefficients in R and rows and columns indexed by A. We call w e ∈ M A (R) the weight-matrix of e ∈ E ′ .
We introduce furthermore (non-commutative) variables Y α for α ∈ A and a supplementary (non-commutative) variable X. Given a spin-model (T, w), its complementary spin-model is defined as (T,w) wherew e (α, β) = 1 − w e (α, β) for e ∈ E ′ and α, β ∈ A.
A colouring ϕ :
is recursively defined as follows: If T = {r} is trivial then f T (ϕ) = X. Otherwise, we set
where T 1 , T 2 , . . . are the principal subtrees associated to the linearly ordered sons s 1 < s 2 < . . . of the root r ∈ T , where
and where f T i (ϕ) is the energy of the spinmodel on the principal subtree T i defined by the i−th son s i of the root r ∈ T with weights and state obtained by restriction.
In a commutative setting, this boils down to
which is the familiar definition used in statistical physics. The total sum
of energies over all states is the partition function. We denote by
the restricted partition function obtained by computing the total energy of all states with prescribed colour ϕ(r) = α on the root. We have obviously
The partition function of a tree T can be computed as follows: We have Z(T ) = X for T = {r} the trivial tree. Otherwise, consider the principal subtrees T 1 , T 2 , . . . associated to the k linearly ordered sons s 1 < s 2 < . . . < s k of r. For α ∈ A denote by Z α (T j ) the obvious restricted partition functions of the principal subtree T j with colour α on its root s j . We denote by e j = {r = α(e j ), s j = ω(e j )} the oriented edge joining the root r of T to its j−th son s j = ω(e j ).
The definition of the restricted partition function implies then easily the following result:
where T 1 , . . . , T k are the principal subtrees associated to the k linearly ordered sons s 1 < s 2 < . . . < s k of the root r ∈ T and where
otherwise .
An edge e ∈ E of a k−regular tree is of type j if the extremity ω(e) (having level m + 1) of e has an address
The endpoint ω(e) of a type j edge is thus the j−th element in its (totally ordered) brotherhood.
Given a (finite) k−regular tree T and k weight-matrices M 1 , . . . , M k (with indices in A × A) we consider the spin model with spins A and weight function w e (α, β) = M j (α, β) on leafless edges of type j. Example. We consider the commutative spin model on the 2−regular tree T of Figure 2 with A = {1, 2} and
For the sake of simplicity, we set where we denote a vertex by its address. We get now
Denoting by U * W the Hadamard product ("student's vector product")
and
This yields the partition function
for the tree of Figure 2 with respect to the weights M 1 = 1 1 1 2 and
1 associated to leafless edges indicating N W (type 1), respectively N E (type 2).
Given a spinset (alphabet) A and pairs of complementary matrices
where J denotes the all 1 matrix with row and column-indices in A), we consider the associated complementary spin models on k−regular trees with partition function Z(T ),Z(T ) as above.
Denoting by T k the set of all (finite, rooted, planar) k−regular trees, we introduce the signed formal generating series
the number of leaves of a k−regular tree T ∈ T k . Let us moreover consider the restricted generating series
where T ′ k = T k \ {r} denotes the set of all k−regular trees which are nontrivial. We have obviously
Proposition 4.2 We have
For a fixed natural integer k ≥ 1 and k (weight-)matrices M 1 , . . . , M k we have now: 
Proof of Proposition 4.2 Given a non-trivial k−regular tree T = {r} with root r, we denote by T 1 , . . . , T k the principal subtrees associated to the k linearly ordered sons s 1 < s 2 . . . < s k of r.
The generating function
(with the last equality following from d
Indeed, neglecting the trivial term Y α , the partition function Z α (T ) of a tree T ∈ T ′ k with prescribed spin ϕ(r) = α on its root decomposes into k obvious factors corresponding to the k principal subtrees of T : A leafless edge e ∈ E ′ with ω(e) ∈ T j yields a contribution to the j−th factor of Z α (T ′ k ). Summing over all k−regular trees T ∈ T ′ k yields the above expression. The term X in the j−th factor corresponds to trees T ∈ T ′ k whose j−th principal subtree T j is trivial. This proves the first equality of Proposition 4.2.
ForZ
we get the analogous factorizatioñ
which proves the second equality of Proposition 4.2. 2 The proof of Corollary 4.3 is immediate: corresponding series are recursively defined by the same formulae and initial data.
Proof of Theorem 2.1
By Corollary 4.3, the formal power series g = g(X) = −X + α∈A g α (X) andg =g(X) = −X + α∈Ag α (X) involved in Theorem 2.1 are suitably signed generating series for the partition functions of complementary spinmodels defined on k−regular trees. In order to prove Theorem 2.1 we define spin-models on a set of combinatorial objects which we call grafted trees. A suitably signed generating series of the partition functions for these spinmodels equals g • Xg and a direct computation establishes Theorem 2.1.
A spin model on grafted trees
A grafted tree is given by (A; B 1 , B 2 (A; B 1 , . . . , B d(A) ). It is of degree
In particular, we have
(with d(V A ) denoting the number of leaves in A) in a commutative setting. Let g(X) = −X + α∈A g α (X),g(X) = −X + α∈Ag α (X) be the generating series involved in Theorem 2.1 associated to k matrices M 1 , . . . , M k .
where G k denotes the set of all k−regular grafted trees.
Proof. This follows at once from Corollary 4.3 and the definition of spin-models on grafted trees.
2 Given a k−regular tree T ∈ T k we denote by S(T ) the set of all k−regular grafted trees with skeleton T . Elements of S(T ) are in bijection with k−regular rooted subtrees of T containing the root r ∈ T : The subtree A ⊂ T of a k−regular grafted tree (A; B 1 , . . . , B d(A) ) ∈ S(T ) with skeleton T clearly contains r. Since the subtree B j ⊂ T is the maximal subtree of T rooted in the j−th leaf v j of A, the pair of trees A ⊂ T defines the grafted tree (A; B 1 , . . . , B d(A) ) completely.
We denote by S ′ (T ) = S \ {({r}; T )} the set of all k−regular grafted trees (A; B 1 , . . . , B d(A) ) with skeleton T and non-trivial A = {r}.
For α ∈ A and (A;
Proof. The proof is by induction on the number d(T ) of leaves in T . If all k principal subtrees associated to the linearly ordered sons s 1 < . . . < s k of the root r ∈ T are trivial, we have S ′ (T ) = (T ; {s 1 }, . . . , {s k }) and
Since we haveZ α (T ) = Y α , Proposition 5.2 follows in this case.
Otherwise, we have
where C i = X if the principal subtree T i = {s i } is trivial and
The contribution of a non-trivial principal subtree T i = {s i } is thus by induction
Corollary 5.3 We have for a non-trivial k−regular tree T ∈ T
Proof. Sum the equality of Proposition 5.2 over α ∈ A and use
Proof of Theorem 2.1. By Proposition 5.1 we have
It follows from Corollary 5.3 that only the trivial tree T = {r} contributes to the right hand side. The contribution of T = {r} amounts to
which proves Theorem 2.1. 2
Further generalizations
We give first a generalization of Theorem 2.1 associated to not necessarily regular trees. The special case of this generalization where all weightmatrices have coefficients in {0, 1} appears already in [5] . We state then an even more general version involving trees with vertices labelled by a set T of types and formal power-series in
Trees with vertices of arbitrary degrees
Consider a subset K ⊂ N >0 of strictly positive integers and a partition A = ∪ k∈K A k of the alphabet A into non-empty parts indexed by K. For each k ∈ K choose k matrices M k 1 , M k 2 , . . . , M k k with rows indexed by A k and columns indexed by A.
where J is the all 1 matrix with indices in A k × A.
For α ∈ A k consider the uniquely defined (non-commutative) formal power series g α ,g α consisting only of monomials of degree at least 1 in X, involving at least one variable of (Y β ) β∈A and such that
where V , respectivelyṼ , is the column vector with coordinates g β , respectivelyg β , for β ∈ A.
Set g = −X + α∈A g α andg = −X + α∈Ag α .
Theorem 6.1 We have
The proof is an adaption of the proof of Theorem 2.1: Consider trees whose internal vertices have degrees in K and colour internal vertices of degree k ∈ K by elements in A k .
Example (Inversion of power series). In this example, we work over a commutative ring R and set Y α = 1. Choose an integer l ≥ 1 and set K = {2, 3, 4, . . .} (this ensures existence of all relevant power-series). We consider trees with internal vertices of degree ≥ 2 having spins in a finite alphabet A containing l elements.
For 1 ≤ j ≤ k, 2 ≤ k choose elements β k,j ∈ R and consider the diagonal weight function w e (ϕ(α(e)), ϕ(ω(e)) = β k,j δ ϕ(α(e)),ϕ(ω(e)) = β k,j if ϕ(α(e)) = ϕ(ω(e)) 0 otherwise where the leafless edge e joins a vertex α(e) of degree k to its j−th son ω(e).
Introduce the formal power series g * ,g * ∈ R[[X]] without constant term which satisfy
Set g(X) = −X + l g * andg(X) = −X + lg * . Theorem 6.1, applied to the present situation shows that we have g(g(X)) =g(g(X)) = X .
Since this formula holds for any l ∈ N, it extends to an arbitrary value of l ∈ R which can thus be considered as a parameter.
This formula provides a mean (other than the celebrated Lagrange inversion formula) for computing the compositional inverse of a formal power series h(X) = ∞ k=1 γ k X k with γ 1 ∈ R * invertible: Set f = h(−X/γ 1 ) = −X + ∞ k=2 β k t k . If β 2 = 0 set l = β 2 and choose constants β k,j such that g(X) = f (X) with g(X) defined as above.
Each such choice can be used to compute the compositional inverseg = f −1 of f . The compositional inverse of the initial series h(X) is then given by −γ 1g (X). The case β 2 = 0 can be handled similarly by allowing the trees to have internal vertices of degree 1.
Vertices of different types
This still more general version of Theorem 2.1 is perhaps easier to formulate in a combinatorial way:
Consider a set T of vertex-types indexing the non-empty parts of a partition A = ∪ τ ∈T A τ . Consider also a set E of edge-types together with weight-functions w ǫ : A × A −→ R indexed by edge-types ǫ ∈ E.
A labelled tree is a finite rooted planar tree L with leaves labelled by elements of T , internal vertices labelled by pairs (τ, α ∈ A τ ) ∈ T × A and edges labelled by elements of E. A vertex v ∈ L is of type τ ∈ T if it is either a leaf labelled τ or an internal vertex labelled (τ, α ∈ A τ ). A labelled tree L is of type τ ∈ T if its root vertex is of type τ .
The
of a labelled tree L of type τ ∈ T is defined in the obvious way: f (L) = X τ if L is trivial (reduced to its labelled root) and
otherwise where (τ, α ∈ Aτ ) is the label of the root r ∈ L and where
is trivial of type τ i and
where ǫ i is the label of the edge joining the root r to its i−th son s i which is labelled (τ i , α i ∈ A τ i ).
Define complementary weight-functions byw ǫ (α, β) = 1 − w ǫ (α, β) and compute the complementary energyf (L) of L as above using the complementary weight-functions.
Call two labelled trees L 1 , L 2 edge-equivalent if they differ only on their edge-labels (but share the same underlying tree-structure and vertex-labels).
Let L be a subset of the set of all labelled (finite rooted planar) trees. We denote by L τ ⊂ L the subset of all labelled trees of type τ in L and assume that the set L satisfies the following three conditions:
where L(v) denotes the labelled subtree defined in the obvious way by considering the maximal subtree of L rooted at v.
(ii) If L ′ ∈ L τ and v is a leaf of type τ in L ∈ L then the labelled tree obtained in the obvious way by gluing L ′ onto the leaf v ∈ L is again in L.
(iii) All equivalence classes of the edge-equivalence relation are finite. Otherwise stated, all maximal labelled subtrees of an element in L are in L by (i) and L is "closed under composition" by (ii). Condition (iii) is a finiteness condition (which can perhaps be slightly weakened or replaced by a similar statement) ensuring the existence of the generating series Z τ and Z τ defined below.
For such a set L we define
where d • (L) denotes the number of internal vertices of a labelled tree L and where d(L) denotes the number of leaves in L.
Theorem 6.2 We have
is replaced by the generating seriesZ τ .
This result can be used for the formal inversion of power-series in several variables.
Sketch of Proof. Define grafted labelled trees in the obvious way and check that Proposition 5.2 remains valid in the present context.
Morphisms of rooted trees into posets
This section is a digression discussing a generalization of grafted trees.
The vertex set V of a rooted (not necessarily finite or planar) tree T with oriented edges E can be considered as a poset (partially ordered set) by considering the order relation induced by ω(e) > α(e) for e ∈ E.
Remark 7.1 Considering a rooted tree as a poset, one might wonder how many unordered pairs of comparable vertices are contained in (k−regular) rooted planar trees having n vertices. Let a n (respectively a n,k ) denote this number. We have then
where y(t, u) = t+( terms of higher order in t ) satisfies the functional equation y(t, u) = t + t y(tu, u) 1 − y(tu, u) . [2] .
Similarly, for the numbers a n,k associated to k−regular trees, we have
with y(t, u) = t + ( terms of higher order in t ) satisfying
For k = 2 we get the sequence [2] and for k = 3, the sequence 3 , a 7,3 , a 10,3 , . . .) starting as 1, 9, 69, 502, 3564, 24960, 173325, 1196748, . . . , cf. A75045 of [2] .
Given a second poset P , a morphism from T to P is an application µ : V −→ P such that µ(ω(e)) ≥ µ(α(e)) for every edge e of T .
Denote by {1, 2} (with 1 < 2) the obvious totally ordered poset. Call a morphism µ : T −→ {1, 2} restricted if µ −1 (2) contains all leaves of T . (A; B 1 , . . . , B d(A) ) with skeleton T corresponds bijectively to the set of restricted morphisms µ : T −→ {1, 2}.
Proposition 7.2 If T is a rooted (planar) tree, then the set of grafted trees
Proof. Given a restricted morphism µ : T −→ {1, 2} we set A = {µ −1 (1) ∪ sons of µ −1 (1)} where the root r ∈ T is by convention the son of the empty set. The rooted trees {B 1 , . . . , B d (A)} are the connected components of the maximal subforest with vertices µ −1 (2). It is obvious that (A; B 1 , . . . , B d(A) ) is a grafted tree with skeleton T . Reciprocally, given a grafted tree (A; B 1 , . . . , B d(A) ) with skeleton T , we get a morphism µ : T −→ {1, 2} by setting µ(v) = 2 if v ∈ B j for some j = 1, . . . , d(A) and µ(v) = 1 otherwise. Since the forest ∪ d(A) j=1 B j contains all leaves of T , the morphism µ is restricted. 2 Proposition 7.2 suggests to generalize the notion of grafted trees by considering sets of (suitable) morphisms from rooted trees into posets. We consider now a few special cases. Henceforth all rooted trees and posets will be finite. The number of morphisms of a rooted tree T having ♯(V ) vertices into a poset P with ♯(P ) elements is bounded by ♯(P ) ♯(V ) .
Grafted trees
In this subsection we indicate how to count the number of grafted trees with given skeleton T . A slight modification counts all morphisms from T into {1, 2}. Further generalizations consist in counting all (suitable) morphisms from T into the totally ordered set {1, . . . , n}.
Given a (finite rooted planar) tree T we denote by γ(T ) the number of grafted trees with skeleton T . We denote byγ(T ) ≥ γ(T ) the number of all morphisms T −→ {1, 2}. We have γ({r}) = 1,γ({r}) = 2 if T = {r} is the trivial tree reduced to its root. Remark thatγ(T ) = γ(T ) whereT is obtained by removing all leaves from the rooted tree γ (whereγ(∅) = 1 by convention). This remark generalizes easily to the analogous numbers enumerating (restricted) morphismes T −→ {1, . . . , m}.
Proposition 7.3 For T a non-trivial (finite rooted planar) tree we have
where T 1 , . . . , T k are the principal subtrees defined by the k sons s 1 , . . . , s k of the root r ∈ T .
Proof. We count all (restricted) morphisms µ from T into {1, 2}. Consider a morphism µ : V −→ {1, 2}. If µ(r) = 2 we have µ(v) = 2 for all v ∈ V and there is exactly one such morphism yielding a contribution of 1 to γ(T ) andγ(T ). If µ(r) = 1, the restriction µ i of µ to a principal subtrees T i is an arbitrary (restricted) morphism from T i into {1, 2} and the restrictions µ 1 , . . . , µ k can be arbitrary thus proving the formula. 2 Proposition 7.3 leads to a fast algorithm for computing γ(T ) illustrated by the following example.
Example. For the tree T of Figure 2 we have
which shows that the tree T of Figure 2 is the skeleton of γ(T ) = γ(v 5 ) = 29 different grafted trees (or equivalently, that T contains 29 different 2−regular subtrees sharing the root r with T ) and has 1289 distinct morphisms into the totally ordered poset {1, 2}.
Proposition 7.3 shows also that the generating function
counting the number γ(k) = [t k ]y of 2−regular grafted trees whose skelettons have k leaves satisfies
The similar generating functionỹ(t) = T ∈T 2γ (T ) t d(T ) (which counts all morphisms of binary rooted trees into {1, 2}) is given bỹ
More generally, consider a fixed natural integer k ≥ 2. We call a morphism µ : T −→ {1, . . . , k} restricted if µ −1 contains all leaves of the rooted tree T . We denote by y m (t) the generating function counting the number of (non-isomorphic) restricted morphisms from a k−regular tree having n leaves into the completely ordered finite set {1, . . . , m}. Similarly, we denote byỹ m (t) the analogous generating function counting all morphisms without restriction on the leaves.
Proposition 7. 4 We have
Sketch of proof. The trivial tree T yields a contribution of t to y k and of mt toỹ(t). For a morphism µ from a nontrivial tree into {1, . . . , m, } we consider the image µ(r) of its root and the remaining possibilities of the induced restrictions µ 1 , . . . , µ k on the principal subtrees T 1 , . . . , T k of T . 2
For arbitrary finite planar non-empty trees we consider the generating function counting the number of different restricted morphisms µ from a tree having n vertices into the completely ordered finite set {1, . . . , m}. The generating functionỹ m (t) counts all such morphisms into {1, . . . , m}. One can then prove the following result.
Proposition 7. 5 We have
The first instances are
(defining the Catalan numbers, cf. A108 of [2] )
which is sequence A7853 of [2] and
Finally, let us mention the well-known fact that the function p(m) counting all morphisms from a fixed finite poset E into the totally ordered poset {1, . . . , m} is a polynomial of degree ♯(E). Indeed
where α k denotes the number of surjective morphismes of E into {1, . . . , k}. One can thus also consider generating functions associated to such polynomials. The number of restricted morphisms from a fixed rooted tree into {1, . . . , m} is of course also a polynomial function. Its degree in m is the number of interior leaves in T .
Surjective morphisms
Given a finite rooted tree T having n vertices, the number σ(T ) of surjective morphisms from T into {1, . . . , n} can be recursively computed by remarking that
where T 1 , . . . , T k are the principal (rooted) subtrees of T having n 1 , . . . , n k vertices. Denoting by n−1 n 1 ,...,n k = (n−1)! n 1 !···n k ! the obvious multinomial coefficient (where n − 1 = n i ) we get for our favorite (binary) tree T of Figure 2 the following numbers: σ(v) = 1 if v is a leaf and
encoding the number α n of surjective morphisms into {1, . . . , n} from all rooted binary planar trees on n vertices satisfies [2] ). Otherwise stated, the exponential generating function
Similarly, considering the exponential generating function
enumerating the number β n of all surjective homomorphisms from rooted planar trees having n vertices into {1, . . . , n} we have
(cf. sequence A108 of [2] ) and shows that β n = n! 
Loday's example (i)
The aim of this section is a partial analysis of example (i) in [3] . The framework is somewhat simpler as in the previous sections: We work over the commutative ground field C of complex numbers. The alphabet A consists of nine elements and equals A = {•, N, N W , W, SW , S, SE, E, N E} suggesting the graphical notations of [3] . We set X = t in order to stick to [3] .
Loday's example (i) corresponds to k = 2. The two 9×9 matrices M 1 , M 2 are given by 
One sees easily that we have
Eliminating g N , g W we get the simpler equations:
g SW = (−t + 3g • + g N W + g SW )(−t + g S ) g S = (−t + 2g • )(−t + g • + g N W + g S + g SW ) g E = (−t + 3g • )(−t + g N W + g E + g N E ) g N E = (−t + 3g • + g N W )(−t + g E + g N E ) g SE = (−t + 3g • + g N W + g S )(−t + g SW + g SE + g E + g N E )
where functions above a horizontal line are independent of functions below the line.
Computations (done with Maple) using Groebner-bases show that y = g • + g N + g N W + g W + g SW + g S + g SE + g E + g N E satisfies the algebraic equation P (y(t), t) = 0 where is associated to the matrice J − M 1 and J − M 2 (where J is the square matrix of order 9 with all entries equal to 1) satisfies of course the same polynomial equation, after transposition of y and t.
Remark. For computations of huge terms in the series expansion of an algebraic function, one can use the following well-known trick: Any algebraic function y(t) = a n t n of degre d satisfies a linear differential equation . This allows a recursive computations of a n with time and memory requirements linear in n. In our case, we get q 0 (t)y + q 1 (t)y ′ + q 2 (t)y ′′ + q 3 (t)y The convergency radius of the series for y(t) is of course given by |t 5 | = −t 5 and the asymptotic growth of the coefficients of y(t) is roughly exponential with argument 1/t 5 ∼ −7.07857458512410303820641252737538586816317182
A slightly more precise asymptotical behaviour of the coefficients of y(t) can be computed as follows:
At the root
of r 2 , the ramified sheet corresponds to the double root y ρ ∼ 14.88738808602894055277970788094544394
of P (y, ρ) ∈ C[y]. (Caution: when computing y ρ as a root of P (y, ρ) one loses roughly half the digits since an error of order ǫ on ρ induces an error of order √ ǫ on the corresponding two roots approximating the double root y ρ of P (y, ρ). A better strategy is of course to compute y ρ as a (simple) root of the derivative
The constant γ ρ can be computed by remarking that 0 = P (h(t) + √ ρ − t g(t), t) = P (y ρ + γ ρ √ ρ − t + O((ρ − t)), t) = We have thus asymptotically a n ∼ 95.11436852604511894068836 ρ −n n −3/2 with ρ ∼ −.1412713799896293375754088219617871422225395057563006418. Unfortunately, the right hand side is a fairly correct approximation of a n only for very huge values of n (concretely, n ∼ 10 4 yields a only very few decimals). Indeed, the function y(t) ramifies again for t ∼ −.1414780159629839137794 which is extremely close to ρ.
